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Abstract 

We prove a general existence theorem for nonlinear partial differential systems of any order in 
one complex variable. A special case of first order contains a well-known theorem of Nijenhuis 
and Woolf concerning local existence of J-holomorphic curves on almost complex manifolds. As an 
(~| , application to differential geometry, we prove that non constant harmonic map always exists locally 

' from a Riemann surface to a Riemannian manifold with a prescribed tangent vector at a given point. 

1 Introduction 

(N • 

>: I 

fS| Ever since the famous example of H. Lewy [L], local solvability of partial differential systems 
^ of equations has been a fundamental problem, and there have been important works for examples 
by Nirenberg- Treves [NT], Beals-Fefferman [BF]and Hormander [H]. A series of more recent 
important works have been done by Lerner [LEI] and Decker [D]. For an extensive account of 
the subject, we refer to Lerner's survey up to 2002 [LE2]. 

In this paper we consider the nonlinear problem for existence only in dimension two from the 
point view of complex analysis. Our idea is motivated from the study of J-holomorphic curves 
^ , on an almost complex manifold. Since the fundamental work of M. Gromov, J-holomorphic 
^ I curves have been extensively studied on almost complex manifolds and applied to Symplectic 
- - ■ topology as an important tool. On the other hand, local existence of J-holomorphic curves on 
a almost complex manifold is guaranteed by a well-known and classical theorem of Nijenhuis 
and Woolf [NW], which, in turn, is equivalent to local existence of a special form of first order 
differential system in terms of Cauchy-Riemann operator of one complex variable. 

The purpose of this paper is to prove a general local and global existence theorem of partial 
differential system of any order in one complex variable, which in particular extends the theorem 
of Nijenhuis- Woolf. Our method is rather effective for Laplace operator. Namely, we prove that 
any system with a power of Laplace operator A™ as principle part can be always solvable locally 
for any jets of order 2m — 1 at the origin, both for complex valued solutions if system is complex 
or real valued solutions if the system is real valued (see Theorem 1.5, 1.6 and 1.7). In other 
words, we consider the following as one of the main results of this paper. 
The first result is concerned with local existence. 
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Theorem A. Let A = (Ai, A2, An) be any function of class C''{k > 2) in its variables in 
for some M. Let p{z) be any polynomial of degree less or equal to 2m — 1. Then the system of 
m-Laplace, u : {z e C : \z\ < R} ^ , 

A'^u = A{z,u,Vu, ..^V^^'-^u) 

has solutions of class (7^™+'^ in {z E C : \z\ < R} for sufficiently small values of R and the 
solution u = p{z) + Od^;!^'") near the origin. 

When the system is autonomous, we can find global solutions. 

Theorem B. Let A = (Ai, A2, ...,An) be any function of class C^{k > 2) in its variables in 
for some M. Assume that 

A{0) = 0, WA{0) = 0. 
Then the autonomous system of m-Laplace, u : {z E C : \z\ < R} ^ R.^ , 

has solutions of class (7^"*+^^ in {z E C : \z\ < R} for any given R with vanishing order of 2m at 
the origin. 

We remark that it is a classical that the equation Au = e^** has no solutions in the whole 
plane C due to Ahlfors [A], and local existence puts constrain on the radius due to Osserman 
[O]. Therefore, the vanishing condition in Theorem B can't be dropped, and the existence of 
radius in Theorem A can't be arbitrarily large. As a simple example, we know the equation 
An{z) + \'Vn{z)\'^n{z) = has a singular solution n{z) = -j^ with singularity at 2; = 0. But by 
Theorem B, the equation has smooth solutions in any disk centered at the origin of vanishing 
order 2 at the origin. 

As an application to differential geometry, we prove a local existence of non-trivial harmonic 
map from a Riemann surface to a Riemannian manifold. More precisely, we prove 



Theorem C. Let S be a Riemann surface and N be a Riemannian manifold of class C^. Let 
Zq E S, and p E N and v E TpN. Then there is a local harmonic map (f) of class from a 



neighborhood of Zq to N such that ^(-Zo) = p and d(l){zo){^) — v 



This result does not seem to have appeared in the literature given the fact that there have 
been extensive works on closed harmonic maps. This theorem allows one to define Kobayashi 
metric on the tangent bundle of any Riemannian manifold through local harmonic maps, which 
could potentially paly a similar role as J-holomorphic curves do on a almost complex manifold. 
The same result of Theorem B is also true for bi-harmonic maps (but not harmonic) or m- 
harmonic maps. We will make some discussion in this paper, and will continue the study in 
hoping to obtain more significant results in a future paper. 

Finally we state the existence of ordinary differential system in d in one complex variable. 

Theorem D. Let F{z,r]Q,r]i, ...,r]„i-i) = {F^, be any function of smooth in its vari- 

ables with z E C, Tjj E C". The following differential system : f — (/^, /") 

am Q Qm— 1 

^/(.) = F(., /(.),-/(.),. ..,^/(.)) 
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-/(O) = a^,- e C", i+j<m-l 



d'dzi 

has a solution of class (7"^+*^ near the origin. 

We note the solution is not unique unlike in ordinary differential equation of one real variable, 
however we will prove that the equation satisfies the unique continuation property in [P2]. 

More specific general results are given in the following subsections. 



1.1 Nonlinear systems- A general case 

First we introduce some simple notations. Let D denote the closed disk {z E C \ \z\ < R}, D' 
denote the closed disk G C | |z| < R'} and D'" be the polycylinder of radius R' in C". Let 
m be a positive integer. For each k: 1 < k < m, wc denote V'^v as a vector in C^*" with entries 
d^d'^v where /j, + v = k where v is a complex valued function on D. Here wc use the standard 
complex derivatives for partial derivatives as9=|(^ — i^), <9=|(^ + «^), where z — x + iy. 

Let u a map from D to D'" with u = {u^, ...,«"). We denote V'^u as {V^v}, ...^V^u^), which is 
a vector in C^*"". 

Let nonnegative integers v such that + = m, which will be fixed throughout the paper. 
Let be the domain 

n = Dx D"" X C^" X ■ ■ ■ X C^""'" X C^'"" 

with coordinates as {z, rjo, rji, ...,rjm-i, Vm)- Also the norm of a vector is taken as the max norm 
for any dimensional vector space, li v & , then \v\ = maxi<j<„ \v^\. The notation 9^^a below 
is understood as a vector of partial derivatives of a with respect to variables in rjm, and so are 
similar notations. Also, it should be noted that a function a{z,r]o,r]i, ...,r]rn) is understood as 
a function a{z,rjo,r}i, .■■,r]m,z,f]o,f}i, fjm) in this paper. The following are the main results of 
this paper. 

Theorem 1.1. Let a^ZjTjojTji, ...,r]m) ■ ^ C {i = l,...,n) be functions of class C'^{k > 2). 
Assume that 

a(0) = d,^a{0) = d,^a{0) = 0, (1) 
5..5..«(0) = 5.^^,^a(0) = a,^a,^a(0) = 0. (2) 

Then the following general partial differential system: u — {u^, it") 

^^'^''u = a{z,u,V\...,V"'-\V"'u) (3) 

has solutions of class (7"i+*:-i+a of vanishing order m at for sufficiently small values of R for 
any a (0 < o; < 1). 

Actually, more is true if the conditions (1) and (2) are replaced by a smallness conditions, 
but they are easy to verify. 



3 



Theorem 1.2. Let a{z,r]o,rji, ...,r]m.) = {d^, be a map from Q to C" of class C^{k > 2). 

There is a (small) constant S < 1 depending only on m and e depending on the second derivatives 
of a such that if 

\a{0)\ < e 

\dr,r.d,^a{Q)\ + \dr,Jr,r.a{Q)\ + \dr,Jr,^a{0)\ < S, (4) 

then the system (3) has solutions of class (7"^+'=-i+" of vanishing order m at for sufficiently 
small values of R. 

We point out that the vanishing conditions (1) and (2) can't be dropped due to the coun- 
terexample of Mizohata (see below 1.6). When the right hand side of system (3) is independent 
of mth derivatives, the solution can be chosen freely for orders up to m — 1 at the origin. The 
conditions (1) and (2) become unnecessary. We point out that this result is not a consequence 
of the above theorem but the method of its proof. 

Theorem 1.3. Let a{z, rjo, rji, r/^-i) = a") be a map from Q to of class C^{k > 2) 

that is independent of rjm- Let p^{z, z) be any polynomial of degree at most m — 1 such that 
p'(0, 0) e Int(D') {i — 1, n). Then the following partial differential system: u — {u^, u"') 

d^'d'^u = a{z,u,V^u,...,V"'-^u) (5) 

has non-constant solutions of class (7™+'^+" for sufficiently small values of R for any a (0 < 
a < 1). The solutions can be chosen near the origin 

u' ^p'{z,z) + 0{\z\'^). 

When the function a is independent of z, or the system (3) is so-called autonomous, we 
can provide global solutions of vanishing order m at the origin. Let X be a polycylinder in Q, 
containing the origin. We note K is a compact set. 

Theorem 1.4. Let a{r}o, r?i, rjm) — (a^, a") be a map from Q to C" of class C^{k > 2) that 

is independent of z; let a be given (0 < a < 1). There is a (sm,all) constant r depending only 
on m, a, R and there is an e dependent on r and the maximum norm of second derivatives of a 
over K such that if 

|a(0)| < e, and |Va(0)| < r (6) 

then, for any homogenous polynomial map Pmiz, z)of degree m without term z^z^ for which all 
coefficients have absolute value less that e, the system 

d^'d'^u = a{u,V^u,...,V'^u) (7) 

has solutions of class in the whole D such that at the origin: d^d^u{0) — d^d^Pm{0) 

for all i + j = m and i ^ ii, j ^ u and d'''d^u{0) = for i + j < m — 1. 

The result can be actually proved for small jets of order less than m. That is, we can prove 
the following more general existence theorem. 
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Theorem 1.5. Let a{rio,rji, ...,r]m) = {a^ ■, ...,0") he a map from Vt to C" of class C^(k > 2) that 
is independent of z; let a be given (0 < a < 1). There is a (small) constant r depending only 
on m, a, R and there is an e dependent on r and the maximum norm of second derivatives of a 
over K such that if 

|a(0)| < e, and |Va(0)| < r (8) 

then, for any polynomial map p{z) of degree less than or equal to m — 1 whose coefficients are 
less than e in absolute value, and any homogenous polynomial map Pmiz, z)of degree m without 
term z'^z^ for which all coefficients have absolute value less than e, the system (7) has solutions 
of class (7"*+'=+° in the whole D such that at the origin: d^d^u{0) — d^d^Pm{0) for alli+j — m 
and i ^ iJi,j ^ V and d^d^u{0) — d^d^p{0) for i + j < m — 1. 

1.2 Real systems 

In the previous sections, solutions found are generally complex valued (vector). However when 
H = i/, we can find real-valued solutions that could be useful for studying Riemannian geometry 
like harmonic maps and biharmonic maps and to define Kobayashi metric on tangent bundle. 
Here we will consider everything in real variables. First we consider that D and D' are defined 
in IR^, then define 

Qffi = D X X E^" X E^'" X • • • X E^'™"'". 

Theorem 1.6. Let A\x,y;$,o,$,i, ...,^2m-i) : — )■ E 6e functions of class C^{k > 2); let 

u^{x,y) : D — )■ E &e unknown functions for i = l,...,n. Let p^{x,y) be real polynomial of 

degree at most 2m — 1 such that p'^{0) e Int (£>'). Then the following m-Laplace system equation 
u = {u^, ...,«").- 

A^u'ix, y) = A\x, y; u, Vu, V^'^'^u), i = 1, n 

has solutions of class (72m+A;+a y^j, sufficiently small values of R for a given a (0 < a < 1) 50 
that near the origin 

u\x, y) = p\x, y) + 0( V'^2^)2m_ 

This theorem when applied with m — 1 gives a proof of Theorem B. 

The following is about autonomous systems and global solutions are found. 

Theorem 1.7. Let A^(^o,6, -,6m-i,6m) : ^^m x E^'"" E &e functions of class C^{k > 2) 
that is independent ofx, y; There is constant r > depending on R, m, a such that if satisfies 

A\0) = 0, \VA\0)\ <T, i^ l,...,n 

then the following m-Laplace system equation u = {u^, ...,«"); 

A'^u'ix, y) = A\u, Vu, V\ V'"*-'ii, ^^"'u), i = 1, n 

has solutions of class (72™,+*:+^ whole D for a given a (0 < a < 1) with vanishing order 

2m at the origin. 
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1.3 Quasi- linear systems 

In the paper sequential to this paper [PI], we will reduce the regularity of a G C''{k > 2) when 
a is linear in the variable 77^ to the case a e C'''" where A; > 0, < a < 1. Let 

Q' = L> X L>'" X C^" X ... X C^'""''^. 

Theorem 1.8. Let ak,i{z, rji, r]m-i), bk,i{z, r]i, r]m-i), c{z, r]i, f]m-i) benxn matrices and 
b{z,rii, ...,rim-i) be an n X 1 matrix of class C^'"{k > 0,0 < a < 1) defined on D,'; ak,i{0) — 
bk,ii^) — c(0) = 0,6(0) = 0; let u — {u^, ...,u'^) be unknown functions on a disk D in C, with 
radius R. Then for d^d^u{0) = for i + j < m — 1, and with given (vector) values of d^d^u{0) 
with i + j = m,i^iJ,,j^i', the differential system 

d^d''u^b{z,u,V\,...,V"'-\)+ J2 ak,i{z,u,V\,...,V"'-\)d''d^u+ 

k+l=m 

bk,i{z, u, V\ ...,V"'-^u)¥Wu + c{z, u, V\ ...,V'^-\)d^'d^u 

k+l=m 

has a solution of class (7"*+'=+" for sufficiently small values of R. 

The proof of the result when A; = requires the application of Schauder's Fixed Point 
Theorem. For the case /c > 1, it is similar to that of Theorem 1.2. 

When a,b,c,d are independent of z, global solutions can be found as in Theorem 1.4, 1.5. 
For a system of first order, we state the theorem as a corollary, because of its importance with 
J-holomorphic curves. 

Corollary 1.9. Let a{z , rj) , b{z , rj) , c{z , ri) be n x n matrices andd{z,rj) be an nxl matrix defined 
on D X D' of class C^^'^{k > 0, < a < 1); a(0) = 6(0) = c(0) = d(f}) = 0;let u = {u\ m") be 
unknown functions on a disk D in C, with radius R. Then for u{fS) = 0, and with given (vector) 
values of du{0), the differential system of first order 

du = a{z, u)du + 6(2;, u)du + +c[z, u)du + d{z, u), 

has a solution of class (7"*+*^+" for sufficiently small values of R. 

In above, if b — c — d — 0, a{z, u) = a{u), independent of z and a(0) = 0, then the equation 
reduces to one which defines J-holomorphic curves on an almost complex manifold. This is the 
theorem of Nijenhuis and Woolf. if 6 = c = only, a{z,u) = a{u) and a(0) = 0. In terms 
of partial derivatives dx,dy, Theorem 1.9 can be converted to a system of order m with some 
vanishing conditions. 

Theorem 1.10. Let ali{z,riQ, ...,r]m-i), f''{z,riQ, ...,r]m-i), k + I = m,j = l,...,n be n2"' + n 
functions defined on Q' of class C^''^{k > 0,0 < a < 1). Let u = (m^, ...,«") be unknown 
functions and X — {z, u, Vu, V'""^^); let 
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for j — 1, n;p — 0, 1, m. If there is po e {0, 1, m} such that 

C4(0)^0;j = l,...,n, 

Cj,{0) = 0;p^Po,j = l,...,n, 
then the differential system of order m 

E ai^{X)d',dlu^{x,y) = f^{Xy,j = 1, ...,n 

k+l=m 

has a solution of class (7™-+^+" that is of vanishing order m for sufficiently small values of R. 

This is a consequence of Theorem 1.8 and a lemma in Appendix. All proofs of the above 
results will be given in [PI]. 

1.4 Holomorphic systems 

Let 

Q4 = X D' X C" X • • • X C" 

We denote f''^\z) = d^f{z). Our method allows to prove the following local existence of 
holomorphic solutions. 

Theorem 1.11. Let H{z,riQ, ...,rin-i) : — >■ C" &e a mapping of class C^{k > 2) that is 
holomorphic in Int(Q4); Then the following holomorphic differential system 

f^-\z)^Hiz,fiz),fiz),....,f^--'\z)) 

with initial values 

/(O) = aoGlnt(D) 
/«(0) = a„ i = l,...,m-l 

has a unique holomorphic solution for sufficiently small values of R. 

This theorem is slightly more general than the classical fundamental theorem of holomorphic 
ordinary differential system(see [lY]). However, the following provides global solutions if H is 
independent of z and seems new. 

Theorem 1.12. Let H{r)Q, ...,r]n-i) : fl^ ^ C"" be a mapping of class C^{k > 2) that is holo- 
morphic in Int(f24) and is independent of z. Assume that 

H{0) = 0, dH{0) = 0. 

Then the following holomorphic differential system 

f^^\z)^H{f{z\f\z\....J^^-'\z)) 

with initial values 

/(O) = aoelnt(D) 
/W(0) = a„ z = l,...,m-l 

has a unique solution in the whole D of class C"^+^, holomorphic in Int(D). 
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1.5 Dependence on parameters 

If a as in previous theorems depends on some additional parameters in a C^' fashion (0 < A:' < 
k), we will show the existence of parameterized solutions with the smoothness properties in 
parameters. Proofs are given [P]. 

1.6 Examples of no solutions-Mizohata equation 

After a famous example of Lewy [L] in M^, Mizohata [M] considered, in M^, the following equation 

du . du ^, > 

It was proved in [M] that there is a smooth function F for which the above equation has no 
solution near the origin. Converting the equation to complex one, one has the following equation 

du = ^ \ F{z, z) - l^^du. (9) 
1 + Rez ^ ' l + Rez ^ ' 

According to the notation as Theorem 1.1, we have 

/ X 1 ^/ _s 1 — Rez 

a\z,rin,r]) — — — F\z,z] — — 77, 

V > /u, 1 + Re^ ^ ' ^ 1 + Rez 

whence 

9^(0) = -l,9^a(0) = 0. 

Therefore the condition (1) is not met for Theorem 1.1. Taking d^d""^ on both side, we have 
d^&'u = —d^^^&'-^u + • • • + d^d"-^ \ F(z, z] 



This is a differential equation of any order which has no solutions locally at the origin. 

The organization of this paper is as follows. In Section 2, and 3, we prove various results 
for setting up later proofs of using fixed point theorem on a Banach space, and the other 
sections provide proofs of theorems. We rely on some of classical results for Green operator 
from [NW], but otherwise the paper is self-contained. Undoubtedly, the work in this paper is 
largely influenced by the fundamental works of Newlander-Nirenberg [NN] on almost complex 
structures and Nijenhuis-Woolf [NW] on local existence of J-holomorphic curves. 



2 Function spaces and their norms 

Let D denote the closed disk {-z € C | |2;| < R} and C its boundary e C | |^| = R}. Unless 
otherwise stated, all functions considered will be complex valued and integrable, with domain 
D. We will consider several classes of functions: 
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2.1 Holder space 

C°'{D) is the set of all functions f on D for which 

\f{z)-f{z')\ 



Half] = sup 



is finite. 

C^{D) is the set of all function f on D whose k^^ order partial derivatives exist and are 
continuous, k an integer, A; > 0. C^^°'{D) is the set of all functions f on D whose k*'^ order 
partial derivatives exist and belong to C^i^D). 

The symbol |/| or |/|d denotes sup^^^, \f{z)\. For / e C"(D) we define 

11/11 = I/I + i2RrHM]. 

The set of n-tuples / = {fi, .... fn) of functions (vector functions or maps) of C'^{D) is denoted 
[C"(-D)]", and Ha[f] is defined as the maximum of Ha[fi]{i = 1, ..,n). In a similar fashion we 
define |/|a = sup^^^ \f{z) \ fo^ functions and vector functions, and write |/| when the domain is 
understood. Finally, in this paper throughout, the norm of is taken as \v\ = max \ v 
The following lemma is well-known; for a proof see [NW] 

Lemma 2.1. The function || ■ ■ ■ || defined on C°'{D) is a norm, with respect to which C°'{D) is 
a Banach algebra: \\fg\\ < ||/||||5'||. 

The following simple lemma is to be used multiple times throughout the paper. 

Lemma 2.2. If f e C^+''{D), then 

k 



1=0 ' i+j=l ' ^ i+j=k ^ 

Proof. Expanding at z, we have the formula 

fc-i 



u 

1=0 i+j= 



L lo ' " ' lo ^^''''} ' ' ' "^^^'^ 

L lo' ' Io \^ 9'^/(t/ + (1 - t)z){z' - z)\z' - zf I dtdt^ ■ ■ ■ dtk-l. 



■. i+j=k 

Hence, we have, by subtracting kth term, 

k 



'o Jo 



f{z')-Y.\Y.d^&f{z){z'-zn-z'--zY 

1=0 ' i+j=l 

{d'd^fitz' + (1 - t)z) - d'&>f(z)}(z' - z)\z! - zf \ dtdti ■ ■ ■ dtk-i 

,i+j=k 
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Thus we have, 

k 

1=0 ' i+j=l 

This completes the proof. 



i+j=k 



k+a 



2.2 Function spaces with high order vanishing at the origin 

Our idea of solving differential equations of order m is to look for solutions that vanish up to 
m — 1 order at the origin; this way the norm estimate of function space to be considered later 
is made possible using only mth order derivatives. This is rather different from classical norms 
used for higher order derivatives in partial differential equations. This idea could be applied to 
higher dimensional differential equations. We denote for A; > 1, Cq~^"{D) the set of all functions 
in C^^°-[D) whose derivatives vanish up to order A; — 1 at the origin. Specifically 

Cl^^{D) = {/ e C''+'^{D)\d'd^ f{Q) = 0,i + J < - 1}. 

One has the following obvious nesting 

Co"'+"(D) c Co"^-^+"(D) c • • • c Co+°p) c C"(D). 

We now define functions || • • • ||*^^^ on C^^"'{D) inductively. On C^"'""(D) we define, following 
[NW], 

||/||« = max{||9/||,p/||}. 

For k >2, we define 

||/||('=) = max{||9/||M,||9/||M}. 
Obviously, we have the definition in terms of || • • • ||: 

||/||« = maxmd^fW}. 

i+j=k 

We point out that the function || ■ ■ ■ H*^^-* on C^"'""(£') is not a norm since ||/||*-^'' = if and only 
if / is a polynomial of degree k — 1. However it becomes norm when restricted to subspaces 
Cq~^°'{D), which is to be proved below and is one of important facts used in this paper. First 
we obtain some useful estimates. 



Lemma 2.3. If f e C^+"(£>); then 

llfll < 

A;! 
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Proof. Let / e C^^"{D), then 



1 rtk-i 
Jo 



f{z) =11 ■ I {-^f{tz)\dtdh---dh_. 



i+j=k 

Applying norm inequality, we obtain 



/ I 5^ d'&f{tz)z'z^ I dtdh ■ ■ ■ dtk-i 

Jo Jo Jo J 

J J ■■■J d'd^f{tz)dtdti---dtk-ijz'z^ 



(fc) 



i+j=k 

where we have used ||^|| = 3R, which is easily verified. 
Lemma 2.4. If f e C^+"(D), then, fori+j = l<m, 

cm— I 

Proof Let / e C^+"(L'). If i + j = /, then 9^9^ e C^'^+'^iD). By Lemma 2.3, we have 

Wd'd^fW < 7 -K-^-^\\d'^d^f\\(^-^^ < Rrn-iyi\im)_ 

[m — ly. [m — ly. 



An immediate corollary is the following: 
Lemma 2.5. If f e C™+"(D), then, for I < m, 

am— I 

In order to verify that C^+'^{D) is a Banach space with norm || • • • H^'^^ we need the following 
from [NW](7.1a). 

Lemma 2.6. Let {fN}N=i ^ sequence in C°'{D), with H/atH < M; let {/at} converges at each 
point of a dense subset A of D. Then {/at} converges to a function f on D, in the norm | • • • |; 
andfeC-iD), 11/11 <M. 

Lemma 2.7. Let {/at} be a sequence in C^^'^iD), with ||/iv||W < M, and if{d'd^fN}, for all 
hj^i + j = k, are Cauchy sequences in the norm | ■ • ■ |, then there is a function f E C^~^°'{D) 
such that Id'B^fN - d'd^f\ ^ as N ^ oo for all i,j,Q<i + j < k, and with ||/||(^) < M. 
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Proof. For i,j,i + j = k, consider g^j^ = d'^d^f^, then g"]^ G C"{D) and \\g]^\\ < M. Applying 
to Lemma 2.6, we have functions g'^'^ € C°'{D) such that \g^^ — g'^'^\ ^ as TV ^ oo, with 
1 1 ^^'^11 < M. Define / by 



We have 

"1 rife-i r*i 



Therefore 

'1 Ptk-l Ptl 



fr,{z) - f{z) = V I / {9'^/iv(i^) - g'^'itz)} dtdh ■ ■ ■ dtk\ z'z\ 



whence 



which goes to as iV — )■ oo, implying /jy — )■ / in the norm | ■ ■ ■ |. 

For i + j = /<A; — Iwc want to prove that {d^d^ ]^{^z)\ are Cauchy sequences. Indeed, 
Since /jv vanishes up to A; — 1 order at the origin, then for i + j = / < /c — 1, d^d^ fjsi vanishes to 
k — 1 — I order at the origin. Thus, we have the formula, applying (7) 



^0 



J2 d^d'^O'd^ fN{tz)zn'idt ■ ■ ■ dtm-i-i 

p+q=m—l 

= E • • • r~"' 9Pd^d'd^Mtz)dt ■ ■ ■ dtk-i-iz^z'^, (10) 
„ , , Jo Jo 



p+q=m—l ' 



Then 



d'd^Mz)-d'd^fN'{z) 

/■I ftm-l-l 

J2 / ■■■/ &'d^d'd^{fN{tz)-fN'{tz)}dt---dh^,^izPz'^, (11) 



p+q=k- 



^0 



Then 



Tym—l 

\d'd^fN{z) - d^d^fN'{z)\ < ^ V \d'd^fN - d'd^fN'l (12) 

^ ' i+j=k 



which proves that {d^d^ fN{z)}{i + j < k — 1) arc Cauchy sequences since {d^d^ fN{z)}{i+j = k) 
are. We assume that for i + j = Z < A; — 1, c?*9-^/jv(^) converges to g'^'^ in norm | • • • |. Thus, 
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applying Lemma 2.2, we have 

1=0 ' i+j=l 
i+j=k 

< — (2i?)-"||/^||(*^)|^' - < — (2i?)-"M|/ - ^1^=+", 
which is independent of N, letting ^ oo we have 

1/(^0 - f{z) - E ;T E 9''iz' - zTiz' - zy\ < |(2i?)-"M|^' - ^1'=+-, 

1=1 ' i+j=l 

which implies, by definition of differentiability, g"^'^ = d'''d^ f. This implies ||/||*-'^-' < M by taking 
limit from ||/iv||^'^'' < M. The convergence for i + j < k — 1, follows from that of i + j = A; by 
(12). I 

Lemma 2.8. The function space Cq~^°'{D) equipped with the function || • • • is a Banach 
space. 

Proof. Let {/at} be a Cauchy sequence in || • • • Then for any e > 0, there is A^o so that if 
TV, TV' > No it holds 

||/iV-/iV'||^'^<6, (13) 

which implies 

lll/iv||^'^-||/iv'||^'^l<e, 

which implies {II/atII'-'^-*} are Cauchy sequence and therefore bounded by say M. Also by defini- 
tion of II • ■ ■ II '-'^^ (?)implies d^d^ f^ for i+ j = k are Cauchy sequence in | ■ ■ ■ |. By Lemma 2.7, 
there is a function / e C^^'^{D) such that \d'd^ fN - d'd^ f\ ioi i + j = k as N ^ oo, and 
||/||('^)<M. 

Now the sequence {/at — fN'}N'=N+i bounded in || • • • |p) by e, and converges to /at — /, 
with 

d'd^{fN-fN')^d'd^{fN-f) 
in I • • • I as N' ^ oo, i + j — k. By Lemma 2.7 again, it holds 

\\fN-fe^<e, 

which implies that /at ^ / in || • • • The proof is complete. I 
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3 Green operator and high order derivative formula 
3.1 Basic definitions and properties 

The operators are defined for integrable functions on D as follows: 

y^(^) -1 f fiOdCAdC 

Sf{z) 



2m J C ~ z 
1 f fiOdC 



2m Jo ((-z f 

Using polar coordinates, we see that Tf is defined for continuous /, and ^T/ for C^{D). The 
operator S is the familiar Cauchy integral. We also define related operators: T, S*, 6*5, and 

as follows: T(/) = T(7), S{f) = W): Mf) = W) and 'T{f) = WiJ) • Specifically, they 
are given by 



■1 [ f(Od( 



c 



27^...^ -1 f /(C) - f{z) 



Importantly, we will use operators of T^T , which is a composition of T,T. Here we assume 
TO = Id,T° = Id and etc 
following estimate holds: 



T° = Id, T° = Id and etc. We note here that 5*6 in this paper is the same as 5" in [NW]. The 



\Tf\<AR\f\. (14) 
More generally, if A is a bounded domain, then T^/ is defined for continuous / on A by 



^ -1 r HQ^^ -hi 

We have 

ITa/I <2diam(A)|/|A. 
The fundamental property between operators T, 5" is the following [NW](6.1a). 
Lemma 3.1. If f e C^{D), then 

Tdf = f-Sf on Int(D), 
Tdf = f -Sf on Int(D). 



14 



Lemma 3.2. If f e C""+"(L>) andfx + u^m, then 

v—l fi—l 

T''T{d^d''f) = f -J2T\S{d^f)) -J2T''T\S{d^d''f)) on Int(D). 
j=o j=0 

if IJ'-i^ ^ 1/ otherwise 

m—l 

T^{d^g)^g-Y,T^{S{d^g)), 

j=0 
m—l 

r\d^g) = g-Y,T\S{d^g)). 

j=0 

Proof. Just apply Lemma 3.1 repeatedly. In fact, we have two identities, li g E C'^~'^'^°' (D) 
then 

u-l 

T^{d^g)^g-Y,Ti{S{dig)). 

3=0 

II ge C'^-t'+°'{D) then 

T{d^g)=g-^T\S{d^g)). 

j=0 



Remark 3.3. This lemma shows / can be represented by integral equations through derivatives 
of all orders. We also remark that since dS{f) — dS{f) — 0, it holds 

u—l p.— 1 

d^d''{J2T'{S{&>f)) + J2T"T'(S{d^d''f))} = 0. 

j=o j=0 

3.2 A new high order integral operator 

For A; > 0, we define a new operator ^+'^T f on C^^"^{D). 

where Pfe(C, z) is Taylor expansion of / at ^ of degree k. Namely 

k 



l\ 

1=0 1+3=1 



We also define ^+'^Tf — ^~^'^T[f). More generally, if A is a bounded domain, then '^"•"^Ta is 
defined as 



Note the case A; = was defined in [NW]. The following is well-known and classical(see NW], 
[V]). 
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Lemma 3.4. Let f e C"{D). Then Tf e C^+'^{D),'^Tf e C°(L>). Moreover 

dTf = /, dTf =2 T/, 

where Co = /// G C^+"(L')(A; > 0), i/ien T/ e / G C"=+i+"(L'). 

We will extend this result to the operator ''+'^T. In order to simphfy proofs later, we need 
several lemmas. 

Lemma 3.5. If (f{() is holomorphic in A, then 



C-w 

is anti-holomorphic in w & Int(A), where A = {|C — zo\ < r}. 

Proof. Writing (f){() = '^ai{C — zoY, we only have to prove the lemma for (p{() = {( — zqY. 
Indeed, 



C + i) 

where we have 



^•2(^+1) r 1 



= 0, 

where in the last equality, we have used the residue theorem to get zero integral. 
Corollary 3.6. It holds for I > 0, 



Ja C-W + 1) 



where A = {\( — zo\ < r}. 
Lemma 3.7. Ifl>l, then 

for z e Int(A). 



A (C - zY+' 
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Proof. We notice that (^^'L^y+i is integrable in A using polar coordinate at z. Let e{z) be the 
disk of radius e and center at z so that e{z) C A. Now we have 



C - ^y^^ JA\e{z) (C - Zy^^ Je{z) (C " ^)'+^ 



— -^lU=z + -^2 

We have 



/!o^^/;' [Ja C - f« Je{z) C-w J 

where w e e(2;). By Lemma 3.5, Ii — 0. hme_^o-^2 = is obvious. This proof is complete. I 

We prove the following, which is one of key tools in the proof of the results 
Theorem 3.8. Let f e C''+''{D){k > 0). Then 

if j ^ + j ^ k + 1; otherwise 

Qk+lrj-i j _k+2 rj-i j 

Proof. For /c = 0, it is Lemma 3.3. Assume k — 1 is true, i.e., d^Tf Tf. To show k is 

true, it suffices to show that if / G C^^"-{D), then ^+^Tf has a total differential, which means 
we must show that there are numbers A and depending on such that 



^+^Tf{z) -*^+^ Tf{z') = A{z - z') + B{z - z') + e{z, z') 



\z-z'\ 



where e{z,z') — ?> as 2;' — > 2;. It is claimed that A =^^+2 Tf{z) and B = d^f{z). To this end, 
denote the left side in the above by /, and restrict z' so that p = \z — z'\ < ^{R — \z\). Let 6 be 
the disk of radius p and center (z + z')/2. Notice 5 C D. Then 

We write by Lemma 2.2 that 

/(C) = P.-i(C,^) + ^ E d'd^f{z){C-zy{C-zy+Ek{C,z) 

where 



k\ 

i+j=k 



^^(C'^)l<^{ E H^[d'd^f]\\C-z\'+-. 
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We now consider the terms in order. First we need the following, using Lemma 3.6 and 
Corollary 3.5, 



+ 



k\ ff{C)-Pk-i{C,z) 



2ni 



iC-z) 



k+l 



dC A dC 



i+j=k 



27rz Js (C - z)>'+^ 



5 iC-z) 

dCAdC 



= d'fiz)^ 



27ri Js (C - ^ 



-dC AdC+ — 



k f E,{C,z) 



27ri Js (C - z)''+^ 



dCAdC 



= d'f{z){z 



z + z' —k f Ek{CiZ 



27^^ Js (C - zY+^ 



dCAdC 



Similarly we have 



k f E,{C,z') 



"™ = lo^nz'rz'--z) + ^^j^^^_^,^,^^ 

= ld'f{z'){-z'--z) + I',. 



dCAdC 



Now we estimate h,!'^. 

-k f E„{C,z) 



2m Js (C - z)'^+^ 



dCAdC 



-1 rZTV /• 



2n j-k+a^j-dj-dQ 



i+j=k 



where ri{9) is the distance from z to the boundary of 5 in direction 9] note ri {9) < 2p. Continuing 
the computation, we have 

^ ' i+j=k 

which approaches as p — > 0. The same estimate holds true for I^. Thus we have 



nfiz) -^+^Tsf{z')-d^f{z){ 



z — z 



< |/3l + |/^l + 



-d''f{z){z - z') - -d^f{z'){z' -z)- d^f{z){z - z') 



1 



< \h\ + %\ + -HaWf]\z-z 



'll+a 
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On the other hand, to continue to estimate, we have 



I 

Jd\s 



f /(C)-Pfc-i(C,^) f{C)-Pk-i{C,z') 
I (C - (C - ^')'+' 

/(C) (t,^^ - 77-^) dC A ciC - / #^iM^C A dC 



= h + h + h. 



We need the following lemma to proceed. 
Lemma 3.9. If m > 2,n > 0, then 

Jd\s (c - zr Jd\5 (c - z'r 

Actually more is true. 

-dC AdC = 



D\S 



(c - sy 



for any s & 5. 
Proof. 



f (C - zY ,> 1 dr-^ f (C - zY 

/ 77 L^CAdC^-, TT.T^ ^7 -dC^dC 

JD\s{C-zr [m - ly. dw"^ ^ J D\s C-w 



which is zero by applying Lemma 3.5. 
By Lemma 3.8, we have 

h^h^ 0. 

Now we only have to estimate /4. Indeed, 



'D\S 

where the integration with respect to w is along the straight line segment from z' to z. Now it 
suffices to estimate 



/(c) ,cAdc-/ ^'H-^'^rv -A.c 



D\S VS - JD\S 
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Here we have used Lemma 3.8 to conclude 



L 



Ddelta 



k+2 



d(AdC = 0. 



Now we have 



/(C) 



D\6 



ds 



dCAdC 



where we have used that 



D\s Jw ic ~ 
f m 
. Jd\s (c-«r=^ 



\k+3 



d(AdC = 0, 



for s E 5 hy Lemma 3.8. Now 

I/7I < {k + 2)\w-z 



D\S (C - S) 

fiO-PkiCs) 



D\S 



iC-s) 



dCAdC 



2R ^k+oc2j.dr 



^ > i+j=k 

In the last inequality we have used that jty — < jz — z'j — p. We have thus shown that 

'=+^r/(z) Tf{z') =^+^ Tf{z){z - z') + d''f{z){z - z') + 0{\z - /|^+") 
s&z' ^z. Thus ^+^Tf has a total differential and d{^+^Tf) =^=+2 T/. 

In what follows, we will show that ^+'^Tf e C^{D) ii f e C"=+"(D). 
Lemma 3.10. Let f e C^+'^{D). Then 

i+j=k 



where Ci 
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Proof. We compute, using Lemma 2.2, 



a 

i+j=k 



Lemma 3.11. /// e C^+^p), t/ien 

2r/ = r(a/)-5fe(/). 

Proof. If / e C^+"(£)), then ^T/ is a proper integral. Therefore, 

-2m'Tfiz) = ]im f ^ ^f) ~ {['^ dC A dC = \im f Ji^dCAdC 

where — D \ {\( — z\ < e}, and we have used Jj^ A = by Lemma 3.8. Now we 

can apply Stokes theorem to get 

We note that 

/(C),^- / /(C) -/w,^- 



which converges to as £ ^ 0. Here we have used 

J\C-z\=e C-Z J\C-z\=e CiC - Z) 

which is the result of the residue theorem. Letting £ — > 0, the lemma is proved. 
Lemma 3.12. If f e C^+'^{D), then for k > 1 

k 

k+2rj,j ^2 T{d^f) - ^d'Sb{d^-'f). 

i=l 

Proof. By Lemma 3.10, we have 

'Tf^T{df)-S,{f). 

Taking derivative, we have 

d'Tf^dT{df)-dS,{f), 

which is equivalent to 

3t/ =2 T{df)-dS,{f). 
A mathematical induction finishes the proof. 
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Lemma 3.13. If f e C^+'^{D), then 

i+j=k 

where C2 — n ■ 

^ a(l— a) 

Proof. We notice that 

and Sbf{z) is holomorphic in Int(L>). First we need the following 



JciC- 



dC = o, 



for w e Int(Z^), and where Pfc(C, is the Taylor expansion of /(C) of order k a,t w. Indeed, 

Jc (C - n (C - 

It suffices to prove the following 

for m, n > 0. This is equivalent to prove that 



Ic (C - 

for m, n > 0. This is equivalent to prove that 

1 



dC = 0. 



We apply Residue theorem to get zero integral. Consider (/){() — ^n+2(,^l^„)m+2 , and it has finite 
order singularity at C = 0, w. The residue of 0(C) at C = equals 



C=o 



which is 



^^|^^, (-l)"(m + 2)(m + 3) • • • (m + n + 2)w-("*+'^+2)_ 
The residue of 0(C) at C = 'f^' if '^i' 7^ equals 



1 r^_(„+2)l(m+l) 

(m + 1)!^^ ^ 
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which is 



y(-l)™+^(n + 2)(n + 3) • • • (m + n + 2)w-("*+'^+2). 



(m + 1)! 

They are opposite so the integral is zero. The case w = is obvious. Now we are ready to 
estimate. 

2m 



^{d'S,f{z)-d'S,f{z')) 



[ /(C) 

Jc 



1 



k + 
1 



k+1 
1 

k + 1 



dw 
dw 



/(C) 



c (C - w^^' ^ 
c iC-w)k+^ 



In order to apply estimates in [NW], we convert integral to be on unit circle. Setting w = Rou 
and C = Rr), this becomes 



{k + l)R'' 



z'/R 



du 



z/R 



f{Rr])-Pk{Rv,Rcj) 
=1 iv - ^) 



k+2 



dr] 



where the line integral is taken on the shorter segment of the circle through z/R and z'/R and 
orthogonal to the unit circle(see [NW] (6.2a)). Further, setting r = {rj — uj)/{l — urj), we have 



T + LO 
1 + CUT 



, ri-u 



r(l — uu) 

1 + TUJ 



drj 



(1 — CJCj) 

(1 + too)' 



:dr. 



Hence 



^ \d'S,f{z)-d'^S,f{z') 



< 



< 



< 



< 



1 



z'/R 



\du\ 



{k + 1)R>' j^/R Ji^i^i 



f{Rrj)-Pk{Rv,Ri^) 



fz'/R n 

/ \doj\ 

Jz/R J\r)\='i- 



(1 - UJUlf+^ 



(r) — 0;)*^+^ 
LA^^)-P,(i?^,i?a;)||l + ™i^ 

{k + l)RkJ,,R 

i+j=k 

^z'/R 



z'/R 



\duj\ 



z/R 



R^ - Ruj\^^'^\l + Tuj\^ 

1+U)T II' I 



(1 - uuY+^ 
\dT\ 



\dri\ 



i+j=k "^1^ 
According to [NW](6.2a and p473), one has 



\dr\ 



< 



All 



1^1=1 |1 + a;T|" 1- a 
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-'/^ \du\ ^2 
(l-a;a;)i-" - a'^ 

Hence 

4 i?" 



/la 



i+j=k 



Theorem 3.14. If f e C^+'^{D), then 

i+j=k 
i+j=k 

Proof. By Lemma 3.11, and applying Lemma 3.12, we have 

k 

k+2rpj ^2 T{d^f) -^d'Sb{d^-'f). 
1=1 

k 

HX'-'Tf] < Hj^^T{d^f)] + Y,HaWS,{d^~'f)] 

1=1 

< CoH^d'f] + |E 7 E H^[d'd^d''-'f] 

K i=l p+q=i 

< {Co + C2kR^) Yl H^d'd^f]- 

i+j=k 

I 

Lemma 3.15. If h e C^+"{D) {k > 0), then 

\\Th\\^k+i) < 2''^Ci{k + 1) + Co + A;C2i?")||/i||^'\ 

\\fh\\^k+i) < 2''^Ci{k + 1) + Co + kC2R'') Whf'^l 

Proof Let i + j = k + 1. If j > 1, then d'd^Th = d'd^-^h. Otherwise, d''+^Th =^=+2 j-^ 
have by Lemma 3.9, 3.13 

f+^Th\\ = + (2i?)"i/„[*^+'r/i] 

< Ci(A; + l)i?" Yl H^[d'd^h] + {2R)°'{Co + kC2R'') H^pd^h] 

i+j=k i+j=k 

< (Ci(A; + l)i?" + (2i?)"(Co + A;C2i?")) ^ H^[d'd^h] 

i+j=k 

< 2\Ci{k + 1)2-" + Co + fcCsi?") 

In the last inequality we have used that Ha[d^d^h] < (2i?)-"||/i|p^ for i + j — k. Also notice 
2'=(Ci(A; + 1)2-" + Co + /cCai?") > 1. The proof is now complete. I 
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The following is the main result of this section. 
Theorem 3.16. If h e C"(D) and /i + iy^m , then 

||T^T''/i||(™) < 2^'^(Cim + Co + (m - l)C2i?")"||/i||. 
Proof. Since, ii u > 1, 

WT^ThW^"^^ = \\T{T''-^Th)\\^"'-^+^\ 

which is less than, by invoking Lemma 3.14 

2"^-^(Cim + Co + (m - l)C2R'')\\T''-^T'"h\\^"'-^\ 
which is less than, by repeating the argument, 

m 

H 2^-\C^k + Co + (A; - l)C2i?")||/i||, 
fe=i 

which, when simplified, gives the proof of the theorem. I 
4 An High order integral operator 

In order to prove the existence of smooth solutions of system considered we will solve the 
equation with initial values at the origin. Namely, we are to solve the system of equations 

d^d^uiz) - a{z,u{z),V\{z),...,V"'-\{z),V'^u{z)) (15) 

with initial conditions at the origin: 

P^m(O) = 0, A; = 0,l,...,m- 1 (16) 
r)™M(0) = V except for v. (17) 

where v is a nonzero vector in C^""** (1^1 7^ 0). Of course, we have to mention that v must be 
given so that it matches with the definition of V^ui^) (there are mixed derivatives repeatedly 
appeared). We define, according to Lemma 3.2 

^jj(z) = J]TJ(5(^7) + J2T"T'(S{dW''f). 

j=0 j=0 

It is easy to see d'^d^'^{z) — 0. Every solution of (15) satisfies the integral equation, by Lemma 
3.2 again 

u{z) = il^{z) + T^TaiC, u, V\ V"'-^, V'^u){z) (18) 

In what follows, we will introduce function spaces that are Banach with norms to reflect the 
initial conditions, and will modify the equation (18) to fit the defined Banach space and to apply 
fixed point theorem to produce the needed solutions. In doing so, we will take full advantages 
of two parameters: the radius of D and the radius of a closed ball in the Banach space where 
the solutions are sought from. 
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4.1 Iteration procedures 

For the sake of generality we consider a Banach space B(i?) depending on a positive parameter R. 
R will be less than some fixed positive quantity. The norm on B(i?) is denoted by || ■ ■ ■ ||; it may 
also depend on R. The following deals with a map © : A(i?, 7) B(i?), where A{R,j){'y > 0) 
is a closed subset of B(i?) defined asA(i?,7) = <7}. Here we actually have a family 

of such maps with two parameters i?, 7. 

Lemma 4.1. Let : A(i?, 7) B(i?), and and let S{R,j) and ri{R,'y) exist such that for all 
e A(i?,7) 

||0(Q') -0(^^)11 < -^l 
\\&m\<v{Rn)- 

If there exist i?o > 0,7o > such that 5(i?o,7o) < 3/4 and r){Ro,^o) < y- Let e B(it!) be 
such that 1 1 ■011 < y. Then the following equation 

n = ijj + &{n) 

has a unique solution in A{R, 70) for R < Rq. The solution fl is the limit of the sequence 

Qjv+i = V' + 0(^^iv)/or7V = l,2,... 

where Qi G A(i?o,7o)- 

Remark 4.2. We will make a repeated use of this lemma in various cases. The proof is simple 
consequence of contraction principle. 

4.2 Integral equations on Banach spaces 

Here we fix the Banach space to work on. Let B(i?) be [C^'^°'{D)]'^, which is, by Lemma 
2.8 a Banach space with norm || ■ ■ ■ ||*^"^^ defined as follows: if / = (/i,---,/n) G B(i?), then 
||j||(m,) _ niaxi<.;<,„ ll/jll*^'"^ Let 7 be a positive number, and we consider A(R.^/) = {/ G 
B(R)|||/||(™') < 7}. A(i?,7) is a closed subset of B(i?). Now we assume u — {u^,...,u'^) and 
a = (a^, ...,a"). According to (18) , we consider equations 

where ^ = is such that d^d'^di/j = 0. To simplify the notation we define 

coV) = r^TV(^, /, v'f, P'"- V, v^f) 

for all / G B(i?) and i — 1,2, ...,n. To assure that the initial conditions in (16) (17) are also 
satisfied , and to further fix the solution, we consider 

m—l ^ 

p=0 ^' k+l=p 

- ^ [a'=aV(/)](o)c'=c' + -?-r[^'^^'^'(/)Ko)C'^C'^- (19) 

k+l=m ^ 
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We first notice that T,T map C°(D) — ?> C^^"{D), and it follows, by the construction (19), 
G^(/)(C) e C^+^'iD) for / G B{R) and [a^a^e^(/)](0) = Q iox k + I = m,k ^ ^ u . Thus 
we define a map from B(i?) to B(i?). 



e : B(i?) ^ B(i?) 
©(/) - (0^(/),...,0"(/))- 



(20) 



Here we recall again ||0(/)||("*) = maxi<j<„ ||0'(/)||*^"*^. In order to apply iteration procedure, 
we will first estimate 

for all f,g e A(i?,7) in terms of ||/ - ^H^"*). Recall that for / e C™+"(L'), HflK'") 
m.Sk'Kkj^i=^{\\d^d'' f\\}. First we have 



l|0'(/)- 0^(^)11^"^^ 

< \\u:\f) - u:\g)\\^^^ + 



J2 {[d'd^u;V)m-[d'd^^\9)m} 

k+l=m 



(21) 



Next we want to estimate ||0*(/)||*^"*^ in terms of a constant. In fact, we have the following 
estimate: 



|0'(/)||M < ||^'(/)||("^) + 



J2 [d'd^covm) 



k+l=m 



- hi + lu- 



lu the following subsections we will provide details of estimates of /9,/io,/ii, and I12. This is 
where assumptions are to be used. 



4.2.1 Estimate of Ig 

In this section we always have functions /, g to be in A(i?, 7). We first begin with the estimate: 



= \\T^T''{a\zJ,V'f,...,V"^f)-a^{z,g,V'g,...,V"^gm^"^^ 
< M\\a\z, /, V'f, D™/) - a\z, g, V'g, V"^g) ||, 

where M is given, according to Theorem 3.15, by 



(22) 



M = 2^^^ (Cm + Co + (m - l)C2i?")' 



(23) 
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In order to estimate (22), we first estimate the norm | ■ ■ ■ |. In the process we want to 
variables in T>"^ from those in T>^, ...,T>"^~^. In fact, we have 

= ^^(0 + (1 - ^^9iO, tV^f iO + (1 - t)V"^9{0)dt 

n m—1 

- E E E ^i9'9\f, - g,) + A^jmf, - 9j) 

j=0 p=0 k+l=p 

n 

+ E E Kfd'dU-g,) + B-fd^dU-g,), 

j=Q k+l=m 

Jo orjpj Jo oi]pj 

^0 or;', Jo or]'. 



where 



tations: 



where we have used shorten notations: 
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for k = 0,1, ...,m, and rj^j is a variable in rjp. Therefore, taking norm || • • • || on (24) we have, 
using Lemma 2.4, 

||a^(C, V'f, V'f, V^f) - a%C, V'g, V'g, V^g) \\ 

n m—l 

^ E E E W^l'l^'d^f, - gM + \\Aljd>^dy) - gM 

j=0 p=0 k+l=p 



+ E E WKfd'd'if, - gM + \\Kfd>^dU - 9j)\\ 

j=0 k+l=p 

n m—l 

^ EE E W^Md'd'ifj - 9j)\\ + - ^,)ll 

j=0 p=0 k+l=p 



j=0 k+l=p 
m—l 

< E Eiii^Mii + pMii>ii^'^'(/-5)ii 

p=0 k+l=p 

+ Eiii^M ii + ii^M ii}ii^'^'(/-^)ii 

k+l=p 

pm—p 

< E Eiii^Mii + pMii}?;;^^^^'""^!^ 

p=0 k+l=p ^ 

+ Eiii^^'ii + ii^M 11)11/ -^ii^'"' 

k+l=p 
m—l 



^ P=0 ^ k+l=p 

+ E {ii^S'ii + Pr'ii}}ii/-^i 

k+l=m ^ 



(25) 



In order to estimate the quantities ||i?7ll 11-^711 ™^ (25), we need to study 

the ranges of W'^ik = 0, 1, m) for f,g& A(i?, 7). The following is what we need. 

Lemma 4.3. If f,g & A(i?, 7), then 

< Q^R^-k^^ A; = 0,l,...,m- 1, 
IW^l < 7. (26) 
Proof. If / is a function in C^"'""(D), then by Lemma 2.4 we have, iii+j — k<m — 1, 

cm—k cm—k 

Wd'B^fW < 7 tt;R"'-W"'^ < 7 TTjR"'-'!- 

[m — ky. [m — ky. 

Particularly, it implies 

cm—k 

[m — ky. 
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whence, by the definition of norm, we have 

Rm—k 

[m — ky. 

for A; = 0, 1, m — 1. The result for | VV""| is obvious. I 

To continue on the estimates, we need a lemma on Lipschitz properties of C^~^°'{D). 
Lemma 4.4. Let f e C^+°(£)). Then, for C ^ D, and i+j^l<m-l, we have 

\d'd^f{C)-d'd'f{C)\ < e-i?— '-i/||('")|c'-C|. 

Proof. We have 

d^B^fiO-d^B^fiO = f^j^{d^d=f{tC+{i-t)Q}dt 

= f d'+'d^f{tc + (1 - t)c){c - c) + d'd^^'fitc + (1 - mw^dt 

Jo 



whence 



Id'B^fiC) - d'B^fiOl < {\d'+'d=f\ + \d'd^^'f\)\C - CI 

< 2||/||('+i)|C'^CI 

frm—l—1 

< 2-—- -i?'"-'-M|f||("*) 



(m-i-iy: 

where in the last inequality we have used Lemma 2.4. I 
In the following we will use a compact set in Q defined as follows: 

E{R,^) = Dx n^-Q^iz e C"2'||z| < 6"*i?"^A} x{ze ^'^"'Wzl < 7}. 

In order for a(C, W", IV^-^ W™) is defined for f,g e with ||/||("*) < 7, < 

7, we now have to choose i? or 7 or both so that 

e^BJn^ < R'. (27) 
We will continue to make choice of i?, 7 under this condition (27). Now we first define some 



30 



constants, whose usefulness will be self-evident during proofs below and next sections. 



H^iRn] 
H^[R.i] 
H^[R.i] 
H'^AR.i] 

H^[R,l] 



— max 



max 



max 



max 



= max 



max 



max 



max 



max 



da" 



dr], 



k,l 



E{R,j) 



da' 



da' 




da' 






1 

E{R,'y) 


'm,3 





k + I = p;0 < p < m — l,i,j = 1, ...,n 
k + I = m;i = 1, ...,n 



da'' 




da' 










E{R,i) 



Hi 



Hi 



H^ 



Hi 



da' 

dVpijE{R,^) 

da' " 



, Ha 



i = 1, n 
da' 



k,l 



■ da' 



,Hi 



E{R,j) 



Mi 

da' 

Hi- 



E{R,l) 



E(R,l) 



k,l 



E(R,l) 



dr}. 

da' 



dVm,j-iEiR,'r) 

da' 



, Ha 



da' 



,Hi 

, Ha 



da' 




da' 


E{R,'r) 




E(R,i) 



E{J?,7) 



,Hi 



E{R,l) 



da' 




Wc. 


E{R,j) 


da' 






E{R,l) 



k + l=p;0<p<'m — l,i,j = 1, ...,n 
k + I = p;0 < p < m — j = 1, ...,n 
k + I = m,i, j — 1, ...,n 
k + I = rriji, j = 1, ...,n 
i = 1, ...,n 



i = 1, ...,n 



(28) 



Here we denote Hi[f] for Lipschitz constant of of a function /, which is function of many 
variables. We make a remark here about Holder constant in many variables and one variable 
slice. Let hhe a, function defined on open set Q in C^. The Holder constant of h is defined 



Ha[h] = sup 



\hiu)-hiv)\ 



\u — v\ 



u,v Efl 



Now if we restrict h to be on one variable: g{() = h{ui, Ui, (, Mj+i, Mat), then Ha[g] < Ha[h]. 
This fact is used below and elsewhere without mention. It is obvious that 



\A^j\<A{R,^), |A^;l|<A(i?,7), 
1^.71 ^^(^'7), \Kf\<B{Rn)- 



(29) 
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Now we estimate: inserting terms, 



+ / {^(^' vv^-^lcO, ^'"(C')) - ^(C, >v°(C), >v^(C'), yv-'-'iC), w-'imdt 

+ ■■■ 



+ / ^ w™-^(C), w'-lO) - ^(C, w°(C), w^(C), w™-^(C), w™(C))}rft, 



whence 

l>i'.'j(CO-^^.'j(C)l 

^ 1=0 i+j=l 

+ H^[R,i] J2 {\d'd'fiC)-d'd^fiO\ + \d'd^g{C')-d'd^9{0\ 



i+j=m 



< H^[R, 7] I ic - cr + 2 £ ^ (i2-i?-'-s)"ic' - cr I 

+ Ht[R,l] H^[d'd^f]\C'-C\" + H^P&g]\C'-C\"- 

i+j=m 

Therefore, we have 

+ i/i^[i?,7] J] H^[d'd^f]+H^[d'd^g] (30) 
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By (29), (30), we have 



1 + 2 J]]2^(12™i?"-'-S)" 

1=0 



i+j=m 

m—1 



< A{R, 7) + {2RYH^[R, 7] 1 1 + 2 ^ 2^(12^7?'"-'-^)" | 

+ 272™ffi^(i?,7) (31) 

where we have used that {2RYH^[d'd^] < ||/||('") < 7 if i + j = m. Of course, ||^^']|| satisfies 
the same estimate. By the same argument, we can have 



\\Blj\\ < S(i?,7) + (2i?)"i/f[i?,7]h +2^2'(12"^i?"^-'-S)"[ 

+ 72'"+ii/f(i?,7) (32) 

Putting (22), (23), (31), (32) all together we have thus shown that 

\\a\C,V'f,V'f,...,V^f)-a'(C,V'g,V'g,...,V^g)\\ < 5^(R,^)\\f - g\\^^^ (33) 

|M(/)-a;^(^)||(-) < M5,(R,M\f-g\\^"^^ (34) 

where M is defined by (23), and 

(5i(i?,7) = B{Rr/) + i2"^^'H^{Rn) + HR,i) 

where 



m-L „„_p2p+i r r 

= y -R^^-^l A{R, 7) + ^2^+'H^[R, 7] + {2R)°'H^[R, 7] h + 2 V 2'(12"^i?'"-'-S) 

+ (2i?)"i/f[i?,7]h +2^2^(12"^i?'"-^-S)" (35) 

1=0 ^ 

Here we want to point out properties of S2{R, 7). For each given 7 > 0, we have lim^^^o S2{R, 7) = 
0. Similarly, For each given 7 > 0, we have limij_>.o 5i(-R, 7) = 0. We write M — 2'"*'^ ^ {Cim + 
C'o)'" + 0{R°') where 0{R°') depends only on m, a. Now we have thus shown that 

\\u\f)-cu\g)\\^'^^ < {2^(Cim + Co)'"(i?(i?,7) +72"^+'i^f [i?,7]) + 6,{R,^)}\\f - gt%36) 
where 

Ss{R,^) = S2{R,^)2"-^{C,m + Co)'" + 0(i?")(5(i?, 7) + ^2^+'H^[R,j] + S2{R,^)). (37) 

Here we want to point out S3{R, 7) has the similar properties. In fact. For each given 7 > 0, we 
have limj^^o ^siR, l) = 0. 
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4.2.2 Estimate of ho 

The following lemmas are needed before we can estimate ho. First we assume ^Tf — f,^ Tf — 
Tf. 

Lemma 4.5. Let f e C°'{D), and let /i + v — rrijk + l — rrijk ^ ^ u. Then if I > v, it holds 
if I <v, it holds 

d'^B^T^T'^ f) T(T^~^~^(t'^ f)) 
Proof, li I > u, then k < ji. Thus we have 

d^d\T:''T^f) = d''d^-''d''{T''T^f) 
= d^d^-^'T^f 
= d^-^'df^T^f 

= d^-^T{T~''~^f) 



The proof of the other case is similar. In fact, 



QkQi{T^T^f) = d''d\T^T''-^T^f) 
= d^{T''-^T^f) 
= dkrj^lT^-i-^T" f) 



Lemma 4.6. Let h e C°'{D). If k + I — m, /j, + u — m, then 

\d''d^T''T{h)\ < {Cim + 0{R 
where 0{R") only depends on m, a. 

Proof. We first note that ii I — u, then k — /i, and then d^&-T''T'^{h) — h. Now ii I > u, then 
by Lemma 4.4, noting I — i/ — /i — k, 

Hence we have, by Lemma 3.9, 

i+j=l-v-l 
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Now we estimate, using Lemma 3.9, 4.4 repeatedly. 





-£. -I. ^ kJ kJ -L \ 




i+j=l—v- 


1 

-i 








"'J 




-1 












-1 








~'~'h]+H^[h] 


0<i<i-i/- 






E 




'-'h)] + H^[h] 


Q<i<l-v- 






CimR'' 


' E E 





-l-v-2-i, 

0<i<l-v-l p+q=l-v-2-i 



+ Ho^[h] (38) 



Therefore it holds 

0<i<l-u-l p+q=l-u-2-i 

Now we can apply equation (38) to above repeatedly until we get term HcXh]. This proves the 
lemma in this case. Now we estimate the case / < v. This case is more complicated. We have 
k > /I, and u — I = k — fi. By Lemma 4.4, we have 

We have then, using Lemma 3.9 

\k+iT{T''-''-\Th))\<CimR'' Ha[d'd^{T''-^'-\Th))]. 

i+j=k-l 

On the other hand, we have 

J2 H^[d'd^{T''-''-\Th))] 

i+j=k—l 
0<j<fc-l 

0<j<fe-/i-l k-n-l<j<k-l 

0<j<fe-/i-l k-n-l<j<k-l 

Y Ha[d''-^-'T{T''-^'-^-^{Th))]+H^[h]+ Y H^[d'-^'^''-^\T~''^^^'h)] 

0<j<k-n-l k-n-l<j<k-l 

Y HX''T{T^-^-''-i'{Th))\+H^[h]+ Y H^[''^+t'^''T{T~^^'h)\ 

0<j<fe-/i-l k-ix-l<j<k-l 
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Using Lemma 3.9, we have 



J2 H^[d'd^iT''-''-\T''h))] 

i+j=k-l 



^ Q<j<k-ii-\p+q=k-i-2 

+ E E H^wd'^{T-'^'h)]\ + H^[h]. 

k—a—l<j<k—lp+q=Lt—k+j 



-l<j<k—lp+q=fj,—k+j 

Hence we have 

\''+'T{T''-''-\Th))\ < CimR''H^[h] 



+ {CimR'^fi J2 E H^[d''d'i{T''-''-^-^{T'"h))] 

^ 0<j<k-iJ.-lp+q=k-j-2 

+ E E H^[d''d'^iT~''''h)]\. 

k—iJ,—l<j<k—lp+q=^i—k+j 



(39) 



In order to finish off the proof, we need to use equations (38), (39) repeatedly to get the desired 
result. I 

Now we are ready to estimate Iiq. Indeed, 



ho - 



k+l=m 



k+l=m 



J2 {[d'd'co\mO)-[d'd^co\gm} 

[d'd'u\fm-[d'd^u\gm 

[d'dfT''T'{a\f)-a\g)m 
d^d'T''T{d{f)-a\g)) 



E 



k+l=m 

^ E 

k+l=m 

< 2"'{Cim + 0{R''))\\a\f) - a' 

< 2-(Cim + 0(i?"))(5i(i?,7)||/-^||(-) 

< {m2^C^{B{R, 7) + ^2^+'H^[R, 7]) + S,{R, 7)) ||/ - gW^""^ 



(40) 



where 



S,{R,j) = d,{R,j)2"'C,m + 0{R''){B{R.ri) + i2^+^Hf[R,^] + 52{R,i)) 

and where we denote a*(/) = a\z, /, T>^ ...,V"^^^f, V'"- f). Once again we have limi^_j,o 54(-R, 7) 
for each 7 > 0. 
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4.2.3 Estimate of hi 

In order to estimate In, we begin with 

a\C, PV(C), ^^V(C), V(C), I?"7(C)) - a\0, 0) 

n m—l 



where we have 



j=0 p=0 k+l=p 



+ E E Kfd'd^{f^)+B^fd'^di{fj) (41) 

j=0 k+l=m 



do' 

= / -Q^itC,tfiO,...,tv"^-'fiO,tv^f{0)dt, 
/ -^{tC,tf{0,...:tv"'-'f{0,tv^f{0)dt, 

Jo dC 



Here we notice that these functions are shghtly different from those in (24) in arguments but 
similar, but we abuse the notations anyway, hoping causing no confusion. Taking norms on (41), 
we have 
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\a\C,V'f{C),V'f{C),...,V"^-'f{C),V^f{C))\\ < |a^(0,...,0)| 



n m— 1 



j=0 p=0 k+l=p 

n 

+ E E pM'iiii9'^'(/,)ii + ii47iiiia^au)ii + 

j=0 k+l=m 

m— 1 

< 3R{\\c^\\ + m) + E E iii^^'iii + 

p=0 k+l=p 

+ E {ll^M II + ll47H}ll^'^'/ll + l«^(o,-,o)i 

k+l=m 

m— 1 fim— p 

< 3i?(||C^|| + ||C^||) + ^ Eill^Mll + pMll>7;;^3^^'"""ll/ll^™^ 

+ E {11^.711 + II^mII}II/II^™^ + I«^(0'---' 0)1 



k+l=m 

m—1 



< |a^(0,...,0)| + 3i?(||C^|| + ||C^||) + ^^^-i?--^ + 

L p=o k+i=p 

+ E {II^M ll + ll^7ll}}ll/ll^'"^- (42) 

k+l=m ^ 

Using the identical arguments as for (30), (31), (32), we have 

r 1 

IIC^II < C(i?,7) + (2i?)"i/^[i?,7]jl + ^2^(12'"i?"^-i-S)"[+72"*^^f(i?,7) 

z=o ^ 



ll^^'jll < A(i?,7) + (2i?)"//^[i?,7] l + J]2'(12-it:--^-S)" +72"^//i^(it:,7) 

< B{R,^)^{2RrEl\R,^\{\^"Y,2\\2^R^-^^^^^ (43) 

Of course, HC**!!, will satisfy the same estimate respectively. Similar to (33), we 

have 

\\a\m<vm+h{R.i) 

where ^5(7?, 7) is defined as 

/ """^ \ 

h{R. 7) = 6i? C(i?, 7) + mTK\R. 7]{1 + E 2'(12"^it:"^-^-S)'^} + ^T^E^\R, 7] ) + 
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' m—1 



Qm-p 



m—1 



7 



p=0 1=0 



m—1 



B{R, 7) + {2RYH^[R, 7]{1 + ^ 2^(12^7?"^-^-^)"} + l2^H^[R, 7] 



However, we will replace 55(i?, 7) by 



m—1 



7) = QrIc{R, ^) + {2RrH^[R, 7]{1+ ^ 2'(12™i?— i-S)"}+72™i/f [i?, 7] ) +7^1 7)- 
^ 1=0 ' 



We remark that limij_>.o 55(-R, 7) — 0. It follows 

< M\\a\j)\\ 

< M{\a\0)\+5,{Rn)) 

< {2"^ {Cm + Cor + O(i?"))(|a^(0)| + S,{R, 7)) 
where we denote a'{f) = a'{z, f,V^f, ...,V"'-^f,V"'f). 

4.2.4 Estimate of I12 



(44) 



'12 



J2 [d'B^^vm) 

k+l=m 



[d''d^T''T{d{f))]{Q) 
d''d^T''T{a'{f)) 



k+l=m 

= E 

A;+(=TO 

^ E 

k+l=m 

< 2-(Cim + 0(i?"))||aX/)|| 

< 2"^(Cim + O(i?"))(|a^(0)| + 55(i?,7)) (45) 

4.3 A general estimate 

Here we collect the estimates together for later quick reference. 

Theorem 4.7. Let : B{R) B{K) be defined as m (19) and (20). Then if f,g e A(i?,7) 
then 



||e(/)||(-) < v{Rn) 



(46) 
(47) 
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where 



5(R,^) = 2=^(Cim + Cor(S(i?,7)+72-+i//f(it:,7)) + 53(i?,7) 



+ m2^C,{B(R, 7) + 72-+^//f (i?, 7)) + S^R, 7) (48) 

7i{Rn) = 2"^(Cim + Co)"^ + 0(i?"))(|a(0)|+55(i?,7)) 

+ 2-(Cim + O(i?"))(|a(0)|+55(i?,7))- (49) 

Furthermore, limR^Q Sj{R,j) = /or each given 7 > 0. 

For easy references, we collect the definitions of Sj{R, 7) for i = 1, 2, 3, 4, 5 here. 

5i(i?,7) = S(i?,7)+72-+i//f(i?,7) + 52(i?,7) (50) 

52(i?,7) = ^ _ R'^-^\A{R,^) + ^2"^^'H^[R,^] + {2RrH^[R,^]{l + 



(m — p)\ 1 

p=0 ^ ^' ^ 



m—l X m—1 

2 ^ 2'(12"*i?"*-'-^7)"} I + {2RyH^[R, 7]{1 + 2 J] 2'(12'"i?"*-'-^7)"} (51) 
1=0 ^ 1=0 



m(m— 1) 

+ 0(i?")(i?(i?,7)+72™+^i/f[i?,7]+^^2(i?,7)) (52) 
S,{R,^) = 52(i?,7)2"'C'im + 0(i?")(B(i?,7)+72™+^i/f[i?,7] + (52(i?,7)) (53) 

y m—l 

S,{R,^) = 6i?(c(i?,7) + (2i?)"iff[i?,7]{l + $^2'(12'"i?"^-^-S)"} 



1=0 



+ 72'"i/f[i?,7] ) +75i(i?,7). (54) 



5 Proofs of Theorems 



A few words on constants are in order. So far we have used constants Co,Ci,C2 in previous 
sections and will continue to use C3, C4, ... for constants dependent on parameters and they may 
vary from line to line. We also use C{-, ...,■) to emphasize the dependence of the parameters 
specifically, and they may vary from line to line. 



5.1 Proof of Theorem 1.2 

To start the proof of the theorem, we fix an a (o < a < 1) so that a e C'^"^'"'. Then we can 
apply the general estimates (46), (47). First we rewrite 5(-R, 7) in (48) as follows 

6{R, 7) = CsBiR, 7) + C,^H^{R, 7) + e{R, 7) 

where C3, C4 are constants only depend on m, a and e{R, 7) is such that lim^^o ^(-^i 7) = for 
each 7 > 0. This notation will be used again but may vary from line to line. Second, we rewrite 
77(7?, 7) as in (49) 

ri{R, 7) = C{m, R, a)\a{Q) \ + C,{^B{R, 7) + ^'2"^+'H^[R, 7]) + e{R, 7) 
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where 

Cs = 2^^^^(Cim + Co)*" + 2™Cim, 

and C{m, R,a) — ?> C5 as i? — > 0. We now give estimates of B{R,'~f), Hi{R,^) in terms of 
conditions (1),(4). We assume that ^ is one of the coordinates of 77 = 77^ G C"^"". Let a = rj^ j 
be a component variable of rjm- We want to estimate the Lipschitz constant of d^a. In fact, we 
have ^ 

d,a{; - d,a{; O = ^ ^a,a(., + {1 - t)e)dt 

= 9<,9^a(-, + (1 - t)0{C - e) + dA<, t^ + ii- t)aW^dt 
Jo 

Here a(-,^) is defined naturally for what ^ is. It follows that 

Hi[daa\\E{R,'y) < \dad^a\E{R,j) + \dad^a\E{R,j) 

< \d^d^a{0)\ + \dj^a{0)\ + o{R + -f) 

where o{R+'y) ^ as i?, 7 — )■ by continuity because of smoothness of a and hmij^^^o E(R, 7) ~ 
{0}. The estimate for d^r is the same. So we have 

H^[R,l] < \dr,d,a{0)\ + \dr,d,a{0)\ + \d,d,am + o{R + j). 

On the other hand, we have 

daa'iC, rji, Vm-i, rjm) - daa{0) 

= ^daa'{tC,t7]i,...,t7]m-i:t7]m)dt = J {d^dt^a' {■)( + dadt^a{-)C 

n m— 1 

j=l p=0 k+l=p 

n 

+ E E (55) 

j=l k+l=m 

Notice that for (C,?7i, ■■■,r]m-i,Vm) e E{R,^), we have |C| < i?, I^^jl < 0(i?™"^7),j = 1, ...,m-l 
and Ir^^l < 7. Hence, we have by (55), putting terms with R and 7 together 

MEiR,y) < \d,a{0)\+2^{\dr,d^a{0)\ + \dr,dr,a{0)\ + \dr,dr,a{0)\)^ + e{R,-f) 

where £{R, 7) — >■ as i? — > for each given 7. This implies 

B{R,^) < \d,a{0)\ + 1^X0)1 +n2"^(|a^a^a(0)| + 19^9^0)1 + \d^dr,a{0)\)-f + e{R,-f). 

Let 

T = \d^a{0)\ + \dMO)\ 

K = |a,a,a(o)i + |a,a,a(o)i + |a,a,a(o)|. 

we have 

5{R, 7) < C3T + {nT^C^K + C4/^ + o(i? + 7))7 + s{R, 7), 
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r){R, 7) < C(m, R, a)\a{0)\ + C5 {uITk + o{R + 7)) 7 + t)- 
Now we fix 7. By o{R + 7) — >■ 0, tfiere exist i?o, 7o > sucfi that 

o[R + 7o) < min{n2"K, nlTC^K + C^k}, and C(m, i?, a) < 2C5 

for i? < i?o- Hence it holds for f,g& A(i?, 70) 

S{R, 7o) < CsT2{n2"'C3K + C4«)7o + 7o), 

V{R, 70) < C52n2™«:7o + e{R, 70). 
Let 5 = (C52"*+3)-i. If «; < 5, then 

5(i?,7o) < 2C5|a(0)| + {2(n2"^C35 + C45)7o + £(i?,7o)}, 
r?(i?,7o)< j + £(i?,7o). 

Now further choose 70 so that 

and choose R small enough that £:(/?, 70) < min{l/4, 70/8}. Finally we have 70) < C3T + 
3/4,77(i?,7o) < 2C5|a(0)| +870/8, and finally choose C3T < 1/8, 2C5|a(0)| < 70/8. This is 
equivalent to that for f,g E A{R, 70) 

l|0(/)-e(/)||(-)<^||/-^||(-), 

||0(/)||(H<|. 

For the 5 we can now take 5 = min{(C52'"+^)^-'^, ^} and e = yqcT- '^('^) ^ 

C" whose component is a homogenous polynomial of degree m without term z^z". And further 

we assume ||'?/'|| < 7o/2. Then by Lemma 4.1, the following (integral) equation 

u — ip + @{u) 

has solutions in A(i?, 70) such that d^d^u{0) — d^d^'ip{0) ior i + j — m,i ji^j ^ v. This is 
equivalent to equation (3). It is obvious that the solution is of vanishing order m at the origin. 
The proof is complete. 

5.2 Proof of Theorem 1.3 

First we consider the case p*(z) = for i = l,...,n. Since a is independent of r]„,. wc have 
B{R,-f) = H^[R,j] = H^[R,j] = 0. Here we note that C^'"{k > 1,0 < a < 1) regularity of a 
is only needed. Therefore, we can replace the constants as follows 

S{R,^) = ds{R,^) + d,iR,^), 
S,{Rn)^C{Rn)S2{Rn) 
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where Mhir^o 7) = for each 7 for j = 2, 3, 4. Since 0{R°') ^ as i? ^ 0, we can choose 
R so smaU that we can replace r]{R,j) by 

rj{R,^)^C{m,a){\a{0)\+S,{Rn)) 
On the other hand, we can write 

(55(i?,7o) = 6(i?,7)+75i(i?,7) 

where liuiR^o e{R, 7) = for each 7. Therefore we have 

r7(i?, 7) = C(m, a)(|a(0)| + e{R, 7) + -f5^{R, 7)). 

Now we choose 70 so large that y > C(m, a)|a(0)|. Then we choose R sufficiently small that 
C(m, Q;)e(i?, 7o) < ^ and C(m, Q;)5i(i?, 70) < ^. As a result, we have 

^(i?,7o)<|. 
If necessary, we choose R further so that 

5(i?,7o)<3/4. 

Let be a homogenous polynomial map of degree m without term d'^d^ such that ||'0|| < 
Then we can apply Lemma 4.1 to 

u = ip + ©(-u) 

on A{R, 7o) to get the desired solutions that vanish up to order m — 1 at the origin. 
To get the general case, we consider system, p{z) = {p^, 

d^'d'^u = a{z, u + p{z),V^u + V^p{z), V'^-^u + V'^-^p{z)). 

This can be written as 

As long as p(0) e Int(D'), we can solve u as just proved so that it vanishes up to order m — 1 at 
the origin. Then u = u + p{z) solve the original equation with desired property of derivatives 
at the origin since d^d^u = d^d^u. The proof is complete. 

5.3 Proof of Theorem 1.4 

Here we fix R, and 7 will be chosen very small to prove the existence of global solutions. Since 
a is independent of z, so we have C{R,^) — H^[R,^\ — 7] = 0. Therefore we can 

substitute rj{R,^),S{R,^) by 

rj{Rn) = C6(|a(0)|+75i(it:,7)) (56) 

5(it:,7) = c,B{R,^) + Cs^H^[Rn] + h{Rn) + S4{Rn) (57) 

where Cq, Cj, Cs are constants dependent on only m, a, and R. 
Since a is independent of z variable, E{R, 7) can be taken as 

E{R,^) = n^JoH^ e C"2'||^| < 6'^R"'-''^} x{ze C"2'"||^| < 7}. 
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We notice E{R,'~f) shrinks to the origin as 7 — )■ for a fixed R. This is important for what 
follows in proving the theorem. Let a be one of component variables in {770, ■■■,Vm}- We have 

d 

d^a'{r)i, ...,r]„i-i, r]^) = 9<,a*(0) + J -^dy{tr]i, tr]m-i,tr]m)dt 

„l n m 

= dy{Q)+ d,d^ura\-)r^l[^ + dj^ua{-)t,\,}dt (58) 



j=l p=0 k+l=p 

Notice that for {rji, ...,rim-i,rim) G E^R,^), we have \ripj\ < Q"^R"''-Pj^ k + I = p;p = 1, ...,m — 
l,j — 1, ...,n and jr^^jl < 7. Here we fix a 70 > so that 6"^i?"^7o < -R' as in (27) and let 
T = |9^a(0)| + |9^a(0)|. Then for 7 < 70 we have easily from (58) 

|(^(Ta.l£;(i?,7) < T + C9||a||c2(s(R,^„))7, 

which implies A{R, 7) < t + C'^\\a\\c'i(^E(R,-ia))l ■ Here Cg is a constant dependent only on m, n and 
||ct||c2(E(ii,7o)) denotes the maximum norm of second derivatives of a = (a^,...,a") on £^(i?, 70). 
Similarly, we have B{R,'j) < r + Cg\\a\\c-i{E(R,'yo))1- On the other hand, we have 

daa'{r]i,...,r]m-i,Vm) - daa\ri[, ...,r)'^_i,ri'J 

d 

= J j^dy{tr]i + (1 - t)r][, i77^_i + (1 - t)r]'^_^, trj^ + (1 - i)'7m)^^^ 

/I n m 
C E E «^(-)(* - ^S) + - (59) 
- j=l p=0 k+l=p 

It follows from (59) that 

H^[R,^]<CMc^EiR,^o))l'~''- 

Similarly, we have 

H^[R,'-f] < C9||a||c2(£;(ii,7o))7^~", 

H^[R,-f] < Cg\\a\\c'2{E{R,-yo)): 

Hi[R,^] < C9||a||c2(E{i?,7o))- 
We can get from (51), replacing 7 by 70 in the sum, 

^2(^,7) < C{m,R)T + C{R,'yo,m,a, ||a||c2(£(R,^o)))(7 + 7^"")- 
On the other hand, 

5i(i?,7) = S(i?,7) +72™+'i^f [i?,7] + 52(i?,7), 

which implies 

Si{Rn) < C{m,R)T + C{R,-fQ,m,a, ||a||c2(£;(ii,7o)))(7 + 7^~")- 
Therefore we have 

5(-R,7) < C(i?,m,Q!)T + C(i?, 70, m, a, ||a||c2(E(ii,7o)))(7 + 7^~") 
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v{Rn) < C{R,m,a)\a{0)\+-f{C{R,m,a)T + C{R,-fo,m,a, ||a||c2(E(ii,7o)))(7 + 7^ "))■ 
Now we are ready to determine constants needed to insure existence of solutions. First we set 

1 

^ ~ 8C{R,m,ay 

Second, choose 71 such that 

C{R,^Q,m,a, \\a\\c^E{R,'ro))){ll + ll^"") = ^ 

Finally, set A to be 

A = ^-'^ 

4:C{R,m,a)' 

Finally, we have 71) < 1/4, 77(7?, 71) < 7'/2. To show the existence, let tp{z,z) be any 
homogenous polynomial of degree m without term z^z^ such that ^ -2'- Consider the 

equation on ^4(7?, 71) 

u = ip + @{u). 

By the construction, we have 

||e(/)-e(^)||(-)<^||/-^||(-), 

for f,gE A{R,'ji). Lemma 4.1 applies to conclude the existence of solutions. 
5.4 Proof of Theorem 1.5 

Let P{m, e) be the set of polynomial maps C :— > of degree less or equal to m — 1 whose 
coefficients are less than e in absolute value. Let p e P(m, e). We consider 

b{z, u, V^u, = a{u - p{z),V^u - V^p{z), - V'^-^p{z),V"'u). 

We are looking for solutions for 

d^'d'^u ^ b{z,u,V% ..^V^u) 

with d'^d^u{0) = for i + j < m — 1. Then u = u + p{z) is the solution of the original system 
with desired property because d^dvu = d^duu. The proof of Theorem 1.5 will essentially work 
provided we estimate C(i?, 7),i?^[i?, 7], and iff [i?, 7] for 6, in terms of e and those constants 
for a. First we modify the equation (27) to 

' 2 

SO that for small enough e, we still have 

6'"i?'"7 + e < 7'. 
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With these choices of 7, e, now we have 

which is well defined on Q. First we observe that there is constant C = C{m,R) such that if 
1^1 < R, then 

\V\p{z))\<C{m,R)e, 
\S/{V^ipiz)))\<Cim,R)e 
for j — 0, 1, m — 1. Now we are ready to estimate constants for S{R, 7), r]{R, 7). 

j=l g=0 k+l=g j=l k+l=m 

n m—1 n 

EE E \-a'(-)(^M^r + E E 

j=l g=0 k+l=q j=l k+l=m 

It follows that 

< C{m,R){eA{R,j + Ce) + B{R,j + Ce)). 



9^ E{R,'i) 

Therefore C [R, 7) for h satisfies 

C{R, 7) < C(m, R){eA{R, 7 + Ce) + 7 + Ce)). 
Now we need to estimate Holder norm in z on E{R, 7). 

-^(^, ^0, ^1, ■■■,Vm-l, Vm) - "^(^'' ^0, Vl, Vm-1, Vm] 



n m—1 

EE E 5,.'.a^(77o+p(^),77i + PV^),...,77^_i+P--yz),77j(PM^))f 

j=l q=0 k+l=q 



j=l k-\~l=m 

n rn—1 

+ EE E d^H/{vo+p{z'),Vi + -DW), Vm-i + V^-'p{z'),r)m)iV^p{z')) 



j=l q=Q k+l=q 



j=l k+l=m 

n ni—l 

E E E \« «'(^0 + P{Z'),V1 + T>W), Vm-l + V"^-'p{z'),Vm)mz'))f 
j=l q=0 k+l=q 
n 

-E E d^H/{r]o+piz'),r]i + V^p{z'),...,r]rn-i+V^-M^'),Vrn) 

j=l k+l=m 



46 



n m—1 



E E E d^H/ivo+p{z'),Vi + -D'piz'), -.rim-i + V^-'p{z'),r]^){Vip{z')) 

3=1 9=0 k+l=q 
n 

j=l k+l=m 



We have 
H. * 



dz 



\V^p{z) -V^p{z')\ < C{m,R,a)e\z - z'\ 
< e"C(m, R, a){H^[R, 7 + Ce] + A{R, 7 + Ce) + H^[R, 7 + Ce] + B{R, 7 + Ce). 



Therefore H^[R,'~f] for b satisfies 



H^[R, 7] < i?, a){H^[R, 7 + Ce] + ^(i?, 7 + Ce) + 7 + Ce] + 7 + Ce) 

Similarly, 



Hi 



dz 



< eC{m, R){HC[R, 7 + Ce] + A{R, 7 + Ce) + H^[R, 7 + Ce] + B{R, 7 + Ce) 



i?(R,7) 

Therefore -fff[i?, 7] for 6 satisfies 

H^[R, 7] < eC-l^, R){H^[R, j + Ce]+A{R,j + Ce) + i/f [i?, 7 + Ce] + 7 + Ce) 

For all other constants of b, we only need replace by those of a on E{R, 7 + Ce). For b, S{R, 7) is 
virtually unchanged and ri{R,j) has new constants obtained above. Then all proof of Theorem 
1.4 will go though with little modification. We omit the details. 



6 Real systems-Proof of Theorem 1.6,1.7 

In order to obtain real solutions of systems, we need to confine to the case /i — i/. We also have 
to work on Banach space over M. To do so, we define 

RC^+°'{D) = {/:/£ C^+°'{D) and / is real-valued } 

This is Banach space with norm || • • • just as defined for complex valued functions. We 
notice that A'^u = 4"'d"'d"'u and the operator S = J^T"" + T^^f^ is real-valued; that is, if / 
is real- valued so is 5(/). Let 

uj\f) = T^T^A\x, y, V/, W, V^^^'V) 
In order to prove the existence, we consider equation 

u'^i^^ m\u) = V + -{^\u) + e^} 

where 

2m— 1 ^ ^ ^ 

ey)^uj\f)-J2 E [^'^'^'(/)Ko)C'^'-7^ E [9^^V(/)](o)cx^+— [a-a-c^^(/)](o)rc 

/=0 ■ i+j=l ^ '' i+j=2m 
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for / G [-RCo^"(Z^)]" and where ^ is real valued and satisfies A'"'^ — 0, and d^d^i/j{0) — for 
i + j < 2m — 1. Therefore we define 

m : [i?Co^+"(L')]'* ^ [i?Co^+"(L»)]'^, 

$Re(/) = ($Rei(/),...,$Re"(/)). 

With A(i?,7) = {/ e [i?C^+"(D)]"|||/||(2"») < 7}, we can apply the same arguments as in the 
proof of Theorem to get desired results. 

7 Holomorphic system 

The key observation is the following lemma. Let 

HC^+^{D) = {f : f e €^^"{0) and holomorphic in Int(D)}. 
Lemma 7.1. The operator T maps HC^+'^{D) into //C"=+^+"(D). 

Proof. By Lemma 3.4, we have T[f) is anti-holomorphic if / is holomorphic. By the definition, 
T(/) = TiJ). The proof follows. 

I 

In order to prove the theorem, we first notice that uniqueness is a result of unique continuation 
property of holomorphic functions. We let 

HC^+'^{D) ^{f:fe C^+'^{D) and holomorphic in Int(L>)}. 

We first note that equipped with || ■ ■ ■ |p),ifCo+"(D) is a Banach subspace of Cq^"{D). We 
will work on this subspace to prove existence of solutions. Indeed, we define for i = 1, n 

uj\f) =T'H{z,f,df,. f) 

where / G HC1!^^°'{D). Since H is holomorphic map, so <^*(/) is holomorphic by Lemma ? and 
a;*(/) G HC"'^"'{D). We consider the equation 

where 

m— 1 ^ 

e^(/) = T^H{z, f, df, - E ^[9V(/)](0). 

A;=0 

By the construction, we have ©*(/) G HC^'^°'{D). Then the following map is well defined 

e : HC^+'^{D) HC'^+''{D) 

e(/) = (0i(/),...,0"(/)) 

Now given 7 > 0, we define A(i?, 7) = {11(9™"/!! < 7}. We notice that the norm H/H'-™'' reduces to 
lie?™/!! since / is holomorphic. With these preparations, all proofs would apply to holomorphic 
situations. We would not repeat the arguments. We note that all solutions are holomorphic 
disks in that satisfy the differential system as in Theorem 1.12. If the system has a geometric 
information then they become geometric objects. 
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8 Kobayashi metric on a Riemannian manifold 

8.1 Proof of Theorem B 

Since it is local, we choose charts at zq and p respectively, as {D,z), {V,w). Let N be given 
with metric tensor {gij). Then a map f : D ^ N oi class is harmonic iff 

Here r*^;. is the Christoffel symbols of N . The proof follows from Theorem 1.5 immediately. 

8.2 Definition of Kobayashi metric 

Here we introduce the notion of Kobayaashi metric on the tangent bundle of a Riemannian 
manifold following the one on complex manifolds by holomorphic curves. 

Definition 8.1. Let be a Riemannian manifold of class with metric g. Let p & N, and 
V e TpN. We define the Kobayashi metric on TN as follows 

1 d 
Kn{Pi v) — inf{— : / : D{R) :— >■ N harmonic map of class such that /(O) = p, df{0){—) — v}, 

where D{R) ^ {z & C : \z\ < R} with z^x + iy. 

The first simple result is 

Proposition 8.2. Let N he a smooth Riemannian manifold. Then the Kobayahsi metric is well 
defined on the tangent bundle TN. 

We hope to make further study of Kobayashi metric in a future paper. 
Appendix 



Lemma .3. 



Letd^ = {d + dr = J2(^)d'd^-\ 

k=0 ^ ^ 



R holds that for /ijiy >0, 

d^d''y = i''^A,d'd^'+''-^ 

j=0 

where 

min{i/j} , \ / \ 

l=max{0,j-n} ^ ^ 
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Proof. First we convert partial derivatives to complex partial derivatives. Indeed, 



fc=0 ^ ^ 1=0 ^ ^ 

- '^fli2 (fc) (^) {-iy-^d'+^d^+^->^-' 

= i'^ ^ (60) 

Now we prove the formula by induction. Let m — ^ -\- v. Ifm = l, then either ^ — 1 or v — 1. 
The formula is obvious. Now assume the formula is true for m. Now we want to show it is also 
true for /i + z/ = m + 1. Below we assume yU + z/ = m + l. IfyU = then z/ = m + 1, and the 
formula is obvious. So we assume below that > 1. Thus we have ii — 1 + v = m. We have 

li+u—l m 
j=0 j=0 



where 



Therefore, 



ram{u,j} . i \ / \ 



=max{0,j-/i+l} 



m+1 



i=i 

where Aq = Bq, Aj = Bj^i + Bj for j = 1, m, and = B^. Now it suffices to show that 

for < J < m + 1 

«=max{0,j-M} ^ / \ / 

It is easy to see that this true for j = 0, and j = m + 1. To show it is also true for j = 1, m, 
we have to show 

min{i/,i-l} , 1 \ / \ mm{i/j} , i\ / \ 

Z=max{OJ-/i} / \ / i=max{Oj -//+!} / \ / 

min{i/j} , \ / \ 



Z=max{Oj— ;ti} 
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Now we consider two cases: If j — + 1 > 0, then j — // > 0. The identity becomes 

miii{i/,jr-l} , 1 \ / \ min{i/,jr} , i \ / \ 

,£ (/--')(')<-'^-'^.E('r-0(:)'-^- 

If J — /X + 1 < 0, then j — A* < — 1. The identity becomes 

S G-i-<)C)'-)^-'^ S G:;)G)'-'"-' 

min{i/j} , \ / \ 

^ S G-OG)<-'^-' 

Finally the both identities can be verified by considering three cases: v < j — — j — \^ and 
. >i - 1 along with = + I 
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